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Properties of continuous function

Theorem 1 | If J(y) and DX are eontinnons qi =
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heorem 3ffis continuous, thensois |fl.

;»roofiLet { be con
'en8>0»t 1 5 ; I L SRR 0
x—al <3 = |f)-f@] <e

But we kn_owthat = g
@) - @) < e - fll,

that is, 1f1 0 = fl (@) < e - f@l

Hence combining (1) and (2), we find that '

x—a] <& = [Ifl@-fl@] <&

This shows that | f| isbonti'mionls ati =

rinuous at a pointx=4a € Lo, o g B



I-h eorem If . JS(x) be continuous in the closed interval [a, b],
then, given €, the interval can always be divided up into a finite
number of sub-intervals such that | f(x;) — f(x,) | <e, where x,
and Xq are any two points in the same sub-interval.

Proof. Suppose that the theorem is not true.

Let ¢ be the mid-point of [a, b]. Then [a, 5] is divided into
two equal sub-intervals [a, ¢] and [c, b].

The theorem must not be true in at least one of the two sub-
intervals [a, <] and [c, b].

Suppose it is not true in [c, b]. Denote this sub-interval by
[ay, b,]. It is evident that the interval [a,, b,] lies wholly inside
[a, D] and is of length b, — a,, thatis, § (b — a).



Again divide [a,, b,] into two equa}l SUb-lntegvaIs. We
denote the interval in which the theorem 1is nc?t t.l'lle Yy la,, b,
Obviously the sub-interval [az, bs] lies wholly inside [a}, b,] anq
is of length b, — a,, that is, 1 (b; — a,), that is,

1306 —a) = _2—12(b — a).

Apply this process of repeated bisection. .In this way WweE get
an interval [a,, b,] in which the theorem is not true ang this
interval lies wholly inside the preceding interval (@71, bay] ang

is of length by, — ay, that is, 1(6.— a).

. T e b—a -0
fim s~ .= i 2
= lim b, =lim a, = x, (say).

n—>0 n—>c0

Suppose, for definiteness, that x, does not coincide with g
or b.

Since f{x) is continuous at x = x,, therefore, by definition of
continuity, there exists a value of 6 such that |

|76 = fxo) | < 5, when | x — x, | <. )

If # be chosen so large that b, — a, is less than 5, thep the
interval [a,, b,] is contained entirely within the interval

[xO —_— 8, xO + 8].
Let x, and x, be any two points in (ay, b,), then from (1), we
get ‘

/o) = flxo) | < £
and | f{xy) — fixy) | < 5
Now f(x1) — f(x,) = JCa) = f(xo) + fxy) — J(x,)
= M) =) | 2 ) ey = SO} + { fixg) — )} |
= IR <y s st

= 1x) = fixy) | < e

- Thfs Is a contradi_étion to opr Supposition. Hence 0ur'supp0-
Sthion is wrong. In other words, the theorem must be true.



Theorem 4:prove that a function w
hich is continuous in a closed inter
val[a b] is bounded therein .
- | g SN L | s
proof. We know that if f(x) be continuous in the )

R . clozed
interval [a, b), then, given e, the interval can always be divided
yp into @ finitc number of sub-intervals such that

lf(xl) -f(x,) | < e . (‘”
where X1 and x, are any two points in the same sub-interval. |
Let the dividing points be x, = a, x;, x,, ... R
Let x be any point in the first sub-interval [a, x,].
Then, from (1), we have
| fl@) — f(x) ] < e
Now f(x) = f(a) + { f(x) — f(a)}
= /| =1+ {f(x) - fa)}|
= |/l =<sl|fa]+|fx)—fa)l
= |fix)] < | f(@) ]| +e, using (2).
In particular, when x = x,,
1f(x) | < [fla) | +e (3
Again, let x be any point in the second sub-interval [x, x.].
Then from (1), we have
| flx) —fA(x) | <= (4
Now  f(x) = f(x1))+ {f(x) — f(x1)}
| () | = | S(x) + {/(*) = f(x)} ]
LA | < [ Ax) |+ | f1x) — flx) |
| /()| < [ f(x1) | + ¢ from (4)
| ()| < | f(@) | =+ 2 e, using (3).
In particular, when x = X,
| fGx) | < | fi@) | + 2.
By proceeding in this way we get, when x is any point in n®
sub-interval [xn -4, b1,
A | < | fla)y| & net .
This inequality-is true for the whole in'terval fa, b]_,~=that is,
all the values of f(x) in the interval [a, b] lie between fla)y — ne
and f(a) - ne. : a3
Hence f(x) is bounded in [a, bl
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